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1 Hi-C data analysis

a) Computing the mean and standard deviation of log(1
+ interaction frequency)

We import each pair of files into Python and compute the mean and standard
deviation of log(1l + interaction frequency) across all inter-chromosome sites.
The result follows:
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, 2) : mean = 0.720353844435 std = 0.699302406753

: mean = 0.728360228521 std = 0.682892996842

: mean = 0.702969242804 std = 0.695966153561

: mean = 0.691189925654 std = 0.68007883316

: mean = 0.697933838984 std = 0.672966239347

: mean = 0.670249551255 std = 0.672217902545

: mean = 0.665833309479 std = 0.656030989071

: mean = 0.510990250275 std = 0.632499994902
) : mean = 0.647040894004 std = 0.65806876057
) : mean = 0.648849631272 std = 0.643652483069
) : mean = 0.655664462145 std = 0.642961829348
) : mean = 0.613083356108 std = 0.627724052245
) : mean = 0.601068461394 std = 0.616242004221
) : mean = 0.583067035604 std = 0.609187732822

1, 16) : mean = 0.496923596513 std = 0.607025585469
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: mean = 0.569096928601 std = 0.606113868312
: mean = 0.540164171195 std = 0.605064581004
: mean = 0.474170493209 std = 0.578627994712
: mean = 0.48013442526 std = 0.576784337323
: mean = 0.410822370271 std = 0.546111950405
: mean = 0.457741225132 std = 0.562975355077
, 3) : mean = 0.792644703407 std = 0.690316547986
4) : mean = 0.774729359685 std = 0.711485238248
5) : mean = 0.757326559039 std = 0.689627875182
, 6) : mean = 0.76817480425 std = 0.681768043554
7) : mean = 0.73149266427 std = 0.682079468111
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: mean = 0.733787398325 std = 0.665489512782

: mean = 0.561151905817 std = 0.648151077645
: mean = 0.706540927207 std = 0.664258153473
: mean = 0.721677488254 std = 0.654168011533
: mean = 0.721892986158 std = 0.651585382729
: mean = 0.654980546274 std = 0.640846198381
: mean = 0.642293700094 std = 0.625211452625
: mean = 0.615606983827 std = 0.611853637303
: mean = 0.552682628094 std = 0.624511545104
: mean = 0.632162939306 std = 0.605430585372
: mean = 0.590422846152 std = 0.626619248256
: mean = 0.540636662532 std = 0.585725174448
: mean = 0.551726341721 std = 0.599680164249
: mean = 0.489602210564 std = 0.577665184574
: mean = 0.490655761974 std = 0.571902020892

: mean = 0.83906085184 std = 0.670567620021

: mean = 0.831890663719 std = 0.654362863166

: mean = 0.85800356209 std = 0.643506999008

: mean = 0.816498777943 std = 0.645813289393

: mean = 0.811587357728 std = 0.62890993995

: mean = 0.647592717452 std = 0.634059577544
: mean = 0.804209016047 std = 0.623512038397
: mean = 0.818582577221 std = 0.610541287459
: mean = 0.824803212551 std = 0.606272003494
: mean = 0.662724621288 std = 0.622664713033
: mean = 0.653155508647 std = 0.609717190803
: mean = 0.622706476847 std = 0.597364439616
: mean = 0.674957892615 std = 0.600129387383
: mean = 0.778386493614 std = 0.551444969465
: mean = 0.72656629611 std = 0.585188838017
: mean = 0.735010915494 std = 0.543299395679
: mean = 0.735085854009 std = 0.551049061517
: mean = 0.511437648972 std = 0.577638815013
: mean = 0.483013774887 std = 0.548876904395

: mean = 0.810166914183 std = 0.669988355605

: mean = 0.825892026124 std = 0.656686539859

: mean = 0.806661236776 std = 0.664445434967

: mean = 0.794792723871 std = 0.646821041708

: mean = 0.639895365388 std = 0.645807518954
: mean = 0.787838936088 std = 0.639084863768
: mean = 0.806961455934 std = 0.626509635447
: mean = 0.81648663395 std = 0.62355743969
: mean = 0.666421807298 std = 0.642064333527
: mean = 0.663386425894 std = 0.630024494114
: mean = 0.635455208834 std = 0.61740001628
: mean = 0.673756261298 std = 0.617809796763
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: mean = 0.78547591631 std = 0.569655400092
: mean = 0.738273695402 std = 0.608995985078
: mean = 0.757471739898 std = 0.568916949781
: mean = 0.724043224237 std = 0.57383009431
: mean = 0.537576116445 std = 0.615477767156
: mean = 0.492526518922 std = 0.577294250846
: mean = 0.826015074125 std = 0.64221609944
: mean = 0.801875877737 std = 0.647263227606
: mean = 0.801351519925 std = 0.633383757554
: mean = 0.641986115929 std = 0.635140404726
: mean = 0.791158210963 std = 0.626331541498
: mean = 0.807921285515 std = 0.61201951545
: mean = 0.814510346133 std = 0.611507796148
: mean = 0.669793503493 std = 0.629711797162
: mean = 0.659042123621 std = 0.616065129975
: mean = 0.627686854587 std = 0.604263226619
: mean = 0.688454677222 std = 0.612316906562
: mean = 0.774900983326 std = 0.556465286337
: mean = 0.765530976652 std = 0.603118763138
: mean = 0.768841684961 std = 0.575026402725
: mean = 0.756330850132 std = 0.567736817184
: mean = 0.547421992391 std = 0.609799980851
: mean = 0.495187839426 std = 0.567940125959
: mean = 0.814704010275 std = 0.63653319548
: mean = 0.813614027327 std = 0.619711587479
: mean = 0.64889773918 std = 0.628277381974
: mean = 0.799428033803 std = 0.614742736925
: mean = 0.817973281981 std = 0.601198828422
: mean = 0.823545116178 std = 0.596908914377
: mean = 0.679232498365 std = 0.619898403077
: mean = 0.663808716392 std = 0.606366972447
: mean = 0.638669351008 std = 0.598804797026
: mean = 0.680243575195 std = 0.600899997357
: mean = 0.781933275263 std = 0.54708865514
: mean = 0.749075472595 std = 0.581421404172
: mean = 0.744219543965 std = 0.539600240177
: mean = 0.736525904599 std = 0.546602838048
: mean = 0.525449377269 std = 0.577005157189
: mean = 0.494679753714 std = 0.554154794609
: mean = 0.794318159294 std = 0.629435664147
: mean = 0.640751620378 std = 0.635376300591
: mean = 0.785284176603 std = 0.624267271171
: mean = 0.792796443574 std = 0.611113865698
: mean = 0.807603195564 std = 0.608035472692
: mean = 0.671142897756 std = 0.628311082438
: mean = 0.663050642179 std = 0.618090318533
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: mean = 0.627138414328 std = 0.60665991996

: mean = 0.695594016442 std = 0.622141346355
: mean = (.773445358427 std = 0.563041712086
: mean = 0.767826534911 std = 0.598546503711
: mean = 0.763864297158 std = 0.563260391334
: mean = (0.754586009135 std = 0.565025206933
: mean = 0.544016675452 std = 0.598175712431
: mean = 0.50597306694 std = 0.576501959036

: mean = 0.647663869417 std = 0.627497094222
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: mean = 0.795256639911 std = 0.611270892046

: mean = 0.810933660792 std = 0.599333687941

: mean = 0.818604090023 std = 0.594629495519

: mean = 0.680234471865 std = 0.6196557206

: mean = 0.675170824259 std = 0.610479518727

: mean = 0.645703435974 std = 0.60250224851

: mean = 0.709090131434 std = 0.609877830279

: mean = 0.800042675842 std = 0.552862739088

: mean = 0.797258911347 std = 0.59288905769

: mean = 0.780389403126 std = 0.552735265921

: mean = 0.794806825143 std = 0.561502619747

: mean = 0.59062415719 std = 0.616789964445

: mean = 0.537329557511 std = 0.58499729858

: mean = 0.645188624726 std = 0.624636830246

: mean = 0.658969533123 std = 0.623451031648

: mean = 0.663113688894 std = 0.616517467096

: mean = 0.568952977836 std = 0.620744864227

: mean = 0.567681104778 std = 0.618327799564

: mean = 0.554866591655 std = 0.622490213555

: mean = 0.590039907779 std = 0.625335005317

: mean = 0.6801376792 std = 0.612277854104

: mean = 0.662163049127 std = 0.620186517901

: mean = 0.678395975929 std = 0.613508521882

: mean = 0.670439371793 std = 0.610012787253

: mean = 0.500433413314 std = 0.621037168713

: mean = 0.477063410084 std = 0.608524248398
: mean = 0.799140708166 std = 0.595387797793
: mean = 0.805698422808 std = 0.591343816429
: mean = 0.676185607722 std = 0.614298147678
: mean = 0.669764594999 std = 0.607979480558
: mean = 0.647700904407 std = 0.605254195651
: mean = 0.707327624552 std = 0.605894423275
: mean = 0.797036497828 std = 0.555314095811
: mean = 0.790578547652 std = 0.58779625683
: mean = 0.772778199692 std = 0.545818847919
: mean = 0.794339312361 std = 0.560725889506
: mean = 0.579642845293 std = 0.608502967734



: mean = 0.545043476582 std = 0.591905163959
: mean = 0.821510636547 std = 0.577339977175
: mean = 0.687393892505 std = 0.605912420054
: mean = 0.678256874513 std = 0.597977973189
: mean = 0.657983784341 std = 0.600483515624
: mean = 0.719736764914 std = 0.605242622046
: mean = 0.819776876276 std = 0.556846876101
: mean = 0.805684704614 std = 0.575109635812
: mean = 0.796362295997 std = 0.555648103645
: mean = 0.823501506902 std = 0.557922284907
: mean = 0.597714583791 std = 0.614888467501
: mean = 0.561278383166 std = 0.601015489514
: mean = 0.707963482161 std = 0.608740847692
: mean = 0.691395049236 std = 0.598211216647
: mean = 0.660866619746 std = 0.593345042175
: mean = 0.726698020339 std = 0.596766140648
: mean = 0.81469726087 std = 0.539289555493
: mean = 0.829011397623 std = 0.575039346608
: mean = 0.798945787792 std = 0.537151079854
: mean = 0.823447454244 std = 0.550363379237
: mean = 0.60410353393 std = 0.612636469592
: mean = 0.555443256715 std = 0.586092893132
: mean = 0.648006977512 std = 0.639020078023
: mean = 0.615941282888 std = 0.627426479447
: mean = 0.61551059863 std = 0.60700886517

: mean = 0.700778814145 std = 0.575776457706
: mean = 0.780448857959 std = 0.639050231326
: mean = 0.670524726624 std = 0.563327780092
: mean = 0.715547986867 std = 0.590076498692
: mean = 0.604925757366 std = 0.688184676607
: mean = 0.486774943765 std = 0.584300725693
: mean = 0.603594833134 std = 0.622959159871
: mean = 0.6296888912 std = 0.613673269606

: mean = 0.694568888359 std = 0.576866631999
: mean = 0.767558934039 std = 0.628805245989
: mean = 0.689866134217 std = 0.574989832814
: mean = 0.732498015149 std = 0.596569006716
: mean = 0.572828691293 std = 0.648558347231
: mean = 0.51316927243 std = 0.626046028394
: mean = 0.619089346856 std = 0.624951948228
: mean = 0.711236440384 std = 0.610228718412
: mean = 0.731746834456 std = 0.629176146542
: mean = 0.692807770628 std = 0.598790456998
: mean = 0.731070194349 std = 0.61578693482
: mean = 0.549119337451 std = 0.640250995143
: mean = 0.535140404295 std = 0.644151876131
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b) finding intermingling portions of chromosomes 19, 20

The heat map of the interactions with the log(1+x) transformation is shown in
Figure 1. From the heat map we can see that there are four contiguous sub-
blocks in which we have high interactions. Separating these four sub-blocks are
two dark regions which show low interaction. Hence, we can see that in general
chromosomes 19 and 20 have high interactivity except for the locations close to

mean = 0.784605410597 std = 0.61893302752

: mean = 0.76720795193 std = 0.614556734513

: mean = 0.852926816052 std = 0.647043268507
: mean = 0.834921061391 std = 0.627288390997
: mean = 0.628403356781 std = 0.671665759067
: mean = 0.599816690638 std = 0.678399145793
: mean = 0.851083584343 std = 0.5563396277215
: mean = 0.932622489445 std = 0.574772409013

mean = 0.924068104234 std = 0.568921818957

mean = 0.705870811838 std = 0.682491065961

: mean = 0.864140024979 std = 0.55557552709
: mean = 0.92108130913 std = 0.570845183398

mean = 0.764671282507 std = 0.699714552702

: mean = 0.637456189437 std = 0.648249206472
: mean = 0.970215206511 std = 0.574700246271
: mean = 0.747713954012 std = 0.679976647594
: mean = 0.755267786046 std = 0.713509448033
: mean = 0.804936292314 std = 0.709440376633
: mean = 0.759593817341 std = 0.72520148756

mean = 0.593550519109 std = 0.752560865436

the center of the chromosomes.



B Heatmap of 19-20 chr interactions
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Figure 1: Heatmap of interactions between chromosomes 19 and 20

c) Identifying regions with high interaction frequencies

(e}

have: Ho:m = % Zle 2321 A, ;. Thus:

The P-value we have is: 1— @(M) Then, under the null hypothesis, we

2 m—

=
R G VR~ N (O, 1)

m ~ N(

Then:

P(mean worse than m) =1=F(m)=1— q)(_<m — mVkl
o

In order to get the adjusted P-Values, we need to account for the large
number of submatrices (for each of the tests). Thus, for a matrix of dimensions

man, we can choose the top and bottom in (') ways and the left and right of

the submatrix in (%) ways. For the chromosomes given, we have: m = 236 and

n = 251. Then the toal number of submatrices will be:

Nsubmatrices = 870028750



d) Implementing greedy algorithm

The procedure described is supposed to work because the algorithm starts from
a random position and then the matrix expands until no more expansion is
necessary. As the matrix grows, we become more and more sure if we need to
reject or no. When the P-value stops increasing, the new entries do not present
extra information against the null hypothesis. When running greedysearch()
100 times, we get the following heatmap, shown in figure 2a. The highlighted
areas are visible in Figure 2b

Heatmap of 18-20 c:hr_interac n regions

30

a0

& eEor b

(a) Greedy search on interaction between

chromosomes 19 and 20 (b) Highlighted interaction regions

Figure 2

e) Running algorithm on all chromosomes

When doing the same procedure as in (d) (fewer times) on all pairs of chromo-
somes, we get the heat map shown in Figure 3. There we can see that the last
chromosomes have higher interactivity than the first ones.



Heat map of all pairs
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Figure 3: Heat map of interactions between all chromosome pairs

2 Single-cell RN A-seq analysis

a) Determining cell clusters

In order to load the data, I opened the csv file with the python csv.reader
loader and read row by row, after transforming into numerical values. The whole
process takes a bit over a minute. The dimension reduction algorithm I applied
is PCA, after first scaling all the columns (dividing by the standard deviation of
each column) and centering the data (subtracting the mean from each column).
This is easily done with python’s sklearn library. after getting the principal
components, we can project the original data onto the lower dimensional space.
I tried projecting onto 3D and 2D space which allowed for plotting the data, as
seen in Figures 4a and 4b.
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Performing K-Means in the 2D and 3D space, from the error plots, (Figures
5a and 5b) it seems like the optimal number of clusters is 3 and 6 respectively.

1e7
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Ez)llgrror of KMeans on 2D data for K=1 (b) Error of KMeans on 3D data for K=1
to 16

Figure 5

The next step is implementing K-Means on the lower dimensional data. I
implemented K-Means on the 2D and 3D cases which allows for interesting plots,
such as Figures 6 and 7.
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K-Means with K = 2
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K-Means with K =1

K-Means with K =2

K-Means with K =3

K-Means with K = 4
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Figure 7: K-Means clusters on 3D data for K=1 to 16

b) Determining cluster Markers

In order to determine the cluster markers, we run logistic regression with very
high regularization in order to reach a good accuracy. Then the logistic regres-
sion coefficients give us the following most significant markers for each cluster:
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Cluster Most signifi- | 279 most | 377 most | 4" most | 5" most

label cant marker | significant significant significant significant
marker marker marker marker

0 178278 143269 173841 108721 22282

1 299629 164570 152052 185746 255032

2 74880 247046 263041 26849 186195

3 178278 108721 672 678 46933

4 57085 668 13895 108486 139208

5 108721 678 212975 5192 26849

Table 1: Cluster markers

c) Computing differentiation tree

In order to compute the differentiation tree, I first computed the distance ma-
trix by computing the Euclidean distance between all the cells and the cluster
centers. Then we can easily create the graph by using the networkx library in
Python, shown in Figure 8a. Then, we call the minimum spanning tree function
of the networkx library, and get the minimum spanning tree, shown in Figure
8b.

(a) Graph of distances between cluster
centers

(b) Minimum Spanning Tree

3 Effect of different regularization penalties on
regression coeflicients

1

14e—BTa"
In order to compute the value of 3, we estimate it by: 5 = ming Ef\il log(1 +

For the logistic regression, we try to fit the model P(Y = 1|X = z) =

13



e~¥# =i Tn order to solve for that B, we employ gradient descent. with gradient:
N T
= Z Vslog(1+ Vil @iy

N
e —yiBT @

_Z T ( yimi)
P 11+6 yiBTx;

Setting the gradient to 0, we get that B must satisfy:

? p—
Z 1+ e_yiBT-Ti =0
=1

a) [, regularization

For [ regularization, with parameter A\, we get:

. ] 8T
B :mﬁmzi:: Nlog(1 + e v =) + N|B||1

In this case, Bll must satisfy:
N

Yi . A
—— — A X 8ign =0
; 1+ e~ vibwi gn{f)

Since the new Bl} is penalized with the [; norm of 3, it will have a smaller
norm than the old 8

b) [y norm regularization

Similarly to (a), the I3 norm yields:

N
R A
— mi loa(1 yi BT a; A 2
= Y1775 ¢ 31

In which case (3, must satisfy:
N ”i
Z ,l.AT._)"Bb:O

yiBjTi
o1 L+e virn

Again, as in (a), we expect the new Blz to have a lower norm than the old B
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c) Elastic net penalty

The elastic net penalty is a mix of the two more common regularization tech-
niques, /1 norm penalty and I3 norm penalty and it helps overcome some of the
shortcomings of both /1 and Il norm regularization. For example, the elastic net
regularization helps when LASSO regression deals with high-dimensional data
and few data points. It is also more accurate when we have a small subgroup
of very correlated variables in our data. Finally the elastic net penalty is more
general, and can help by leading to a greater accuracy. However, it is more
computationally expensive than the other two methods. It should also not be
used when we have strong knowledge about the true model of the underlying
data, and we know if LASSO or ridge regression works better.

d) Log-likelihood under the logistic regression model

The Likelihood function for the logistic regression will be:

|

s
Il
-

Lg P(xia yi)

I

s
Il
-

p(Y = 4| X = xy)

1 Yi 1 1 1-y; P(X
(1 + e—ﬁo—ﬁTﬂw) ( o 1+ 6—50—5T$i> ]:[1 ( B xi)

The log likelihood will be:

-
Il

I
[ b

lg =log(Lp)
=" log(P(X = 2:) = Y yilog(1 + e~ Po=F" )
i=1 i=1

+ 3701 = yi)log(1+ log(1 + e~ e ) T[] P(X = )
i=1 i=1

e) Log-likelihood function under LDA model

Here we have:

L= Hp(x“yz)

I
/N

QU
Q
S
—
©
3
H

%—%(fi—#l)Txfl(m—m)) X( H det(gﬂz)%e—%(fﬂi—lto)TEﬂ(Ii—No»
is.t.y; =1 is.t.y; =0
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Then the log-likelihood will be:

I =log(L)

= glog(det(QwE)) — % Z (z; — p) T2y — ) — L Z (25 — po) TS (s — po)

iy, =1 y;=1

[\)
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